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Motivation
Conventional Hadrons: Exotic Hadrons:
q q g a Q a .
Mesons Baryons Glueballs  Hybrids  Four-quark Pentaquarks

states

® Powerful toolkit to classify conventional hadrons: Quark Model (QM).

® Lot of particles measured that do not fit into the QM picture, i.e., exotic
hadrons.

® A few examples:

m Light scalar mesons: o, K, ag, fo
m Exotic XYZ-states: X (3872), X (3915), Z.(3900), Z.(4430), ¥(4230)
m T..(3875)", Tess(2900)° . ..
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Tetraquark candidates in the charmonium region

2(4430)" |
4,( )

4.2

3.8

3.6

Mass [GeV/c?]

3.4

3.2

3.0

o+

>

1

Many unexpected states found by
Belle 1l, BABAR, BES III, LHCb,

Internal structure??
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Compact Meson
tetraquark molecule

Q) (3

Q

Hadro
quarkonium

Diquark
Antidiquark

1t=  ott 4ttt otE

Wolfgang Gradl, BESIII, St Goar 2015
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predicted, undiscovered
predicted, discovered
not predicted, discovered

Related to details of underlying
QCD forces between quarks
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[T EINS NI Dyson-Schwinger Eq., Bethe-Salpeter Eq.

Functional Framework

® Non-perturbative, fully relativistic framework.
® To compute the properties of bound states, use combination of:
® DSEs: The QCD quantum equations of motion,

O
1 1 1 1 N

o _ + O = O+ R O
' \
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[T EINS NI Dyson-Schwinger Eq., Bethe-Salpeter Eq.

Functional Framework

® Non-perturbative, fully relativistic framework.
® To compute the properties of bound states, use combination of:

® DSEs: The QCD quantum equations of motion,
® Hadronic bound state equations: BSEs, Faddeev egs. .

Eigenvalue equation

i (P?) rm = g g pn)

i = 0: ground state
with \;(P? = —=M?) =1 j=1: 1% radial excited

state
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[T EINS NI Dyson-Schwinger Eq., Bethe-Salpeter Eq.

Eigenvalue curve

AM?)

«  Istes °

M
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[T EINS NI Dyson-Schwinger Eq., Bethe-Salpeter Eq.

Eigenvalue curve

AM?)
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MO NL S Four-quark BSE

Four-quark BSE

Kvinikhidze & Khvedelidze, Theor. Math. Phys. 90 (1992)
Heupel, Eichmann, Fischer, PLB 718 (2012)

Exact equation: Eichmann, Fischer, Heupel, PLB 753 (2016)
+ perm. + perm.
Two-body interactions Three- and four-body
interactions
Q Q Q
1 Q 1
Q = & Q S
Meson Hadro Diquark Compact
molecule quarkonium  Antidiquark tetraquark
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MO NL S Four-quark BSE

The Four-quark BSE:

Q —_—
q
= | r + |
q
Q > —_—

Calculations are
done in the
Rainbow-Ladder
truncation:

H — § a(k?)
15 T T T

+ T} o+ - r
K2 [GeV?)
F(k7 q,p, P) = Zl fi ( . ) Ti(ka q,D, P) RTc®TF Maris, Tandy, PRC 60 (1999)
~— Qin et al., PRC 84 (2011)

Lorentz-invariants
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MO NL S Four-quark BSE

® Can cast the Lorentz-invariants into multiplets of Sy:
Eichmann, Fischer, Heupel, PLB 753 (2016)

® One singlet: So

® One doublet: D = (gl)
2

® Two triples: Ty, T1 — subleading
® Dressing functions: f;(So, D)
® Poles dynamically generated in D
® "Physical basis": put poles in externally: f;(So, D) — fi(So) + Pap - Pea

¢ diquark pole

q
q

c DZ

=0
diquark-antidiquark
\ J
\\ g2 =[p2=#2 //
\ .
\ Dy s
N 9 9

_ vot=0 pi=0 7 _

c N /’ C —»
q N ’ q

\ ’
a— . s S
\ ,
c \ ’ e —— -
N ’
\ /
N ,

molecule hadrocharmonium

meson poles
Eichmann, Fischer, Heupel, Santowsky, Wallbott, Few Body Syst. 61 (2020) 4, 38
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Colour structure of the four-quark BSE

I (k,q,p, P Zfl )7k, q,p, P)@ T @ Tp

Different combinations in I'c that form an overall colour singlet:

meson-meson | diquark-antidiquark
191 | 393
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Physical amplitude

® Structure of the Amplitude I" is determined according to the quantum numbers
of the state in question, the quark content and the physical decay channels.

® Example for the X (3872) (I(JFY)=0(11)):
® Meson-molecule: DD*
® Hadro-charmonium: J/¢w
® Diquark-Antidiquark: ScA.
=T'=fpp- Tpp+ + [/ Tijpw + fs.a. - Ts. AL
® No assumptions of a dominant substructure needed!
® The internal two-body pole structures introduce decay thresholds into the
equation.
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RESTIEM  Quark mass evolution

Example quark mass evolution for the 0(17") state

M [GeV]
ns c 0(1 **) b
20
T
. f”’_,,.., .
e .
L= .
e O
e
LLO e T
««««««
e
g bqb
5 % K | cqqe fit bqab fit
- o R D+ D" e B+B*
== JY+w === T+uw
Se+ A Sp+ Ay
0
0 1 p) 3

m, [GeV]
JH, Eichmann, Fischer, PRD 109 (2024)

Thresholds: Hidden-charm Hidden-bottom
DD*, J/z/;w, SCAC BB*, Tw, SbAb

o M1 =389+0.04 GeV — X(3872)
o MMP =10.52+0.06 GeV  —  (Wy ?)
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Hidden-flavour physical basis components

I(JPY)  Physical components Exp.
hidden charm | 0(0+*) DD, J/vw, Yoo (3915)
(cqge) 0(1%h) DD*, J/yw, Xc1(3872)
1(1+7)  DD*, J/ym Z,(3900)
0(1=7) DDy, xeow, J/ 1o 1 (4230)
0(0=%) DD, xc0n; 1efo(1370) -
hidden bottom | 0(0F+) BB, Tw, (Wio?)
(bqqd) 01t ") BB*, Tw, (W1 ?)
1(1+7) BB*, T, Z,(10610)
0(1=7) BBy, xpow, Yo Y (10753)
0(0=*) BBy, xe0, m.fo(1370) -

JH, Eichmann, Fischer, PRD 109 (2024)
Wallbott, Eichmann, Fischer, PRD 102 (2020)
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Hidden-charm mass spectrum

M [GeV] Charmonium Mass spectrum

4660
_ (7= 1 (4660) Tec1 (4430)
4.0' _’l;‘rg/l’i'lrﬁg ——
=Y iggg T 4200 Xe1(4274)
= 3/‘);241603 -“El( )
4.0 1 (4040) X (3960) T..5(4020) Xe1(4140)
. Fm x.0(3915) N a_
o nggo) T.z1(3900) Xc1(3872)
I (28
T n.(25) he(1P) Xe1(1P)
3.91 . =— Xco(1P)
J/Pp(1S
ne(15) e o
3.01 - cssc excited
[ cssc ground
cnnc excited
251 [ cnne ground
Il Exp. (exotic)
I Exp. (conv.)

07+ 177 O++ 1+7 1++
JH, Eichmann, Fischer, PRD 109 (2024) JPC
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Hidden-bottom mass spectrum

M [GeV] Bottomonium Mass spectrum

121
11 === {10860 .
(10753 _ T35, (10650) x51(3P)
T(39) == — T}, (10610)
] X0(2P)  hy(1P) X61(2P)
10 %Z'Ib@q) 1(28) i E
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bs3b excited beeb excited
I:I bssb ground beeb ground
81 71 bnnb excited Il Exp. (exotic
P
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JH, Eichmann, Fischer, PRD 109 (2024)

J’PC
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Amplitude for the 0(1*") state

0.0004
— fpp
- fv//ww

0.0003 — fs.a,

0.0002

0.0001

0.0000 F———

107! 1072 10° 10? 10!

2
S[) [Ge\/‘]
JH, Eichmann, Fischer, PRD 109 (2024)

Physical basis:

U'= fpp« Tpp+ + frjpw  Tijpew + fS.A, " TS, A,

: E@ . ;@ . EB“
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Dominant subcluster
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Results Mass spectrum
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Properties of Four-Quark states

E.g., Xe1(3872):

fo=fpp--

O++

Jv=Fapsas

fa=fsa,

olfod (hol i) CALAY (folfe) (A2 (falfe)

T B.B]
-V_\I = I:u_-__
Tr 55
_DI,,, I:u_-_,
DpD*
Jjen
pb* I
| [ I —
1+* 1++

, Eichmann, Fischer, PRD 109 (2024)
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Colour structure of the four-quark BSE

T(k,q,p, P Zfl )7i(k,q,p, P)®Tc ®Tp

Different combinations in I' that form an overall colour singlet:
| meson-meson | diquark-antidiquark

11 3®3

8®8 626

attractive
repulsive

® Repulsive colour components are important (for some channels)!
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Open-flavour physical basis components

I(JP) Physical components Exp.
att+rep att rep
open charm 1(0Y) DD, D*D* A, SeccS -
(ccqq) 0(1*) DD* D*D* A.S S.A| T
1(17) DD* - -
open bottom 1(0*) BB, B*B* SppS -
(bbqq) 0(1*) BB*, B*B* Spp A (ng?)
1(1%) BB* . -
open charm-bottom | 1(0")  BD, B*D* Ap A —
(beqq) 0(1*) BD*, DB* Sped | (The?)
JH, Eichmann, Fischer, in preparation
Wallbott, Eichmann, Fischer, PRD 102 (2020)
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Open-flavour physical basis components

I(JP) Physical components Exp.
att+rep att rep

open charm 1(0%) DD, D*p~ _A— 5.8 -
(ccqq) 0(1*) DD* D*D* A.S5 S.A| T

1(171) DD* - -

open bottom 1(07)  BB,B*B" A+ 5,8 —
(bbgq) 0(1t) BB*, B*B* SwA | (Tyh7)

1(17) BB* - -

open charm-bottom | 1(0")  BD, B*P~ A —
(beqq) 0(1*) BD*, DB* S A | (The?)

JH, Eichmann, Fischer, in preparation
Wallbott, Eichmann, Fischer, PRD 102 (2020)
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Open-charm spectrum

MGV Open-charm Mass spectrum

5.01
45 ) v y
%
. =
4'0- - N :t’ B DD
=
DD —_  N\YyY T
3.5
3.0 cess excited 772 cenn excited
[ ¢css ground [ cenn ground
0(0™) 1(07) 0(1") 1(1%)

JP

JH, Eichmann, Fischer, in preparation
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Open-charm ccnn binding energy comparison
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Meng et. al. (2021)

Albaladejo (2021)

Ke et. al. (2021)
LHCD Collab. (2022)
Ortega et. al. (2022)

)

Park et. al. (2018) o
)
)

o0 000

Song & Jia
Wang et. al. (202
Four-quark BS

D) ————

Binding energy ccnn 0(17) (T.7)

Eichten & Quigg (2017)
Park et. al. (2018)
Junnarkar et. al. (2018)
Braaten et. al. (2020)
Song & Jia (2023)
Wang et. al. (2024)

Four-quark BSE

0.1 0.0 0.1
Ep [GeV]

JH, Eichmann, Fischer, in preparation
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Open-bottom spectrum

M [GeV] Open-bottom Mass spectrum
131
121
2
bF - 2z,
[ B
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Tbb
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JH, Eichmann, Fischer, in preparation
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Open-charm bbnn binding energy comparison
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Open-bottom-charm spectrum

M [GeV]
9.5

9.0-
8.5
8.0-
7.5
7.0y

6.51

JH, Eichmann, Fischer, in preparation

Open-bottom-charm

0(0") 1(07) 0(1+)
JP

Joshua Hoffer (ITP - JLU GieBen) Properties of Four-Quark states

bece excited
bece ground
bess excited
[ bess ground
benn excited
[ benn ground

12. June 2024 23/26



Open-charm benn binding energy comparison
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Open-flavour norm contributions

‘reduced’ full’

5D _
BD B*D
benn |
— ] o
BB
BB
nmn BB* — Ay A
bbnn | i I %
1 o- I 1 ——
DD DD DD
cenn DD* — A A
- L m W=

0% 10T o1t 1(1%)

JH, Eichmann, Fischer, in preparation
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Conclusion

Summary:
e DSE/BSE framework is a good tool to qualitatively analyse the charm and
bottom four-quark state region.
® New results for the the open-flavour four-quark states.
® Analysed the norm contributions as a means to investigate the internal
structure.
Outlook:
® QOpen-flavour states like
* 1(17) with bbgs
® |nclude the two-body quarkonium mixing.

® |nvestigate the large N, behaviour.
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Quark mass evolution of the norm contributions
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0osf T .
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Backup slides

Example extrapolation and error determination
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— quadratic fit
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Open-charm 1(07) (cho) binding energy comparison

Eichten & Quigg

Park et. al.

Four-quark BSE A

JH, Eichmann, Fischer, in preparation

Joshua Hoffer (ITP - JLU GieBen)

Binding energy ccnn 1(07) (T,)

(2017)
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Junnarkar et. al. (2018) 1
(2020)

(2023)

)
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Backup slides

Open-charm 1(17) ccnn binding energy comparison

Binding energy ccnn 1(17)

Eichten & Quigg (2017) 1 °
Park et. al. (2018) 1 °
Braaten et. al. (2020) o
Song & Jia (2023) 1 °

Wang et. al. (2024) °

Four-quark BSEH

0.0 01 02 03 04
JH, Eichmann, Fischer, in preparation
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Open-charm 1(07) (Tbbo) binding energy comparison

Binding energy bbnn 1(07) (Tyy)

Eichten & Quigg (2017) 1 °
Park et. al. (2018) 1 °
Junnarkar et. al. (2018) on
Braaten et. al. (2020) 1 —o—
Song & Jia (2023) 1 °
Four-quark BSE -

—0.2 0.0 0.2 0.4
JH, Eichmann, Fischer, in preparation
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Open-charm 1(17) bbnn binding energy comparison

Binding energy bbnn 1(17)

Eichten & Quigg (2017) 1 °
Park et. al. (2018) 1 °
Braaten et. al. (2020) ————
Song & Jia (2023) °
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—0.10 —0.05 0.0 005 010 015  0.20
JH, Eichmann, Fischer, in preparation
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Open-charm 0(07) (Tbco) binding energy comparison

Binding energy benn 0(07) (The)
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Quark mass generation
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Pion BSE

Pion Bethe-Salpeter amplitude is given by:

Tyion(p°) = E(p°) - 11(p, P) + F(°) - 72(p, P) + G(p°) - 73(p, P) + H(p®) - 7a(p, P)

0.00 BT .

E(p?)
F(p?)
G(p?)
H(p?)

102 10 10t

In(p) [GeV?]
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Quark mass evolution 17—
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Quark mass evolution 0"
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Quark mass evolution 1~ ~
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Quark mass evolution 0"
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Backup slides

Eigenvalue curve
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Backup slides

Light scalar mesons

The light scalar (07+) mesons is an example where the Quark Model yields wrong
predictions:

M [MeV] i

f0(980) ss

fo \ k(700) u3, ds

1000 1

500
® Why are a(, fo almost mass degenerate?
® Why are the decay widths so different?
I'(o, k) = 550 MeV
T(ao, fo) = 50 — 100 MeV
® Why are they so light?
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Light scalar mesons

Suppose they were tetraquarks: Jaffe 1077; Close, Tornqist 2002; Maiani, Polosa, Riquer 2004
M [MeV] K KT
1000

%(700)  wustd, ...
a(500)  udud

500 7

— ¢ Explains mass ordering and decay widths:
, couple to KK,
***************** o, Kk large decay widths

® Non-qq nature of o is supported by dispersive
analyses, unitarized ChPT, large N¢, extended
=0 1=1 1=1 linear & models, quark models

Pelaez, Phys.Rept. 658 (2016)
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2-body approach

® Assume dominant 2-body forces — simplify the 4-body BSE to get the 2-body

approach.

Santowsky, Fischer, Eur.Phys.J.C 82 (2022) 4, 313
Santowsky, Eichmann, Fischer, Wallbott, Williams, Phys.Rev.D 102 (2020) 5, 056014

D
)

® |t is a coupled system of meson-meson and diquark-antidiquark components
which interact via quark exchange.

\JWWW

® This approach is close in spirit to an effective field theory description.
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