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Motivation

• Powerful toolkit to classify conventional hadrons: Quark Model (QM).

• Lot of particles measured that do not fit into the QM picture, i.e., exotic
hadrons.

• A few examples:

Light scalar mesons: σ, κ, a0, f0
Exotic XYZ-states: X(3872), X(3915), Zc(3900), Zc(4430), ψ(4230)
Tcc(3875)

+, TcsJ(2900)
0 . . .
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Tetraquark candidates in the charmonium region

Wolfgang Gradl, BESIII, St Goar 2015

Many unexpected states found by
Belle II, BABAR, BES III, LHCb,
. . .

Internal structure??
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Compact
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Related to details of underlying
QCD forces between quarks



Functional Framework Dyson-Schwinger Eq., Bethe-Salpeter Eq.

Functional Framework

• Non-perturbative, fully relativistic framework.

• To compute the properties of bound states, use combination of:
• DSEs: The QCD quantum equations of motion,

• Hadronic bound state equations: BSEs, Faddeev eqs. .
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Functional Framework Dyson-Schwinger Eq., Bethe-Salpeter Eq.

Functional Framework

• Non-perturbative, fully relativistic framework.
• To compute the properties of bound states, use combination of:

• DSEs: The QCD quantum equations of motion,
• Hadronic bound state equations: BSEs, Faddeev eqs. .
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λi(P
2) Γ(n) = K(n)G(n) Γ(n)

with λi(P
2 = −M2

i ) = 1
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i = 0: ground state
i = 1: 1st radial excited
state



Functional Framework Dyson-Schwinger Eq., Bethe-Salpeter Eq.

Eigenvalue curve

M0 M1 M

λ = 1

λ(M 2)

gs
1st es

1Joshua Hoffer (ITP - JLU Gießen) Properties of Four-Quark states 12. June 2024 5 / 26



Functional Framework Dyson-Schwinger Eq., Bethe-Salpeter Eq.

Eigenvalue curve
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gs fit
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Functional Framework Four-quark BSE

Four-quark BSE
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Kvinikhidze & Khvedelidze, Theor. Math. Phys. 90 (1992)
Heupel, Eichmann, Fischer, PLB 718 (2012)
Eichmann, Fischer, Heupel, PLB 753 (2016)
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Functional Framework Four-quark BSE

The Four-quark BSE:

Γ

Q̄

q̄

q

Q

Γ = Γ + Γ − Γ

+ Γ + Γ − Γ

+ Γ + Γ − Γ

Γ(k, q, p, P ) =
∑
i fi (. . .)︸︷︷︸ τi(k, q, p, P )⊗ ΓC ⊗ ΓF
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Lorentz-invariants

Calculations are
done in the
Rainbow-Ladder
truncation:

α(k2)
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Maris, Tandy, PRC 60 (1999)
Qin et al., PRC 84 (2011)



Functional Framework Four-quark BSE

• Can cast the Lorentz-invariants into multiplets of S4:
Eichmann, Fischer, Heupel, PLB 753 (2016)

• One singlet: S0

• One doublet: D =

(
D1

D2

)
• Two triples: T0, T1 → subleading

• Dressing functions: fi(S0, D)
• Poles dynamically generated in D
• ”Physical basis”: put poles in externally: fi(S0, D) → fi(S0) · Pab · Pcd

Eichmann, Fischer, Heupel, Santowsky, Wallbott, Few Body Syst. 61 (2020) 4, 38
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Functional Framework Four-quark BSE

Colour structure of the four-quark BSE

Γ(k, q, p, P ) =
∑

i

fi(. . .)τi(k, q, p, P )⊗ ΓC ⊗ ΓF

Different combinations in ΓC that form an overall colour singlet:

meson-meson diquark-antidiquark

1⊗ 1 3̄⊗ 3
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Functional Framework Four-quark BSE

Physical amplitude

• Structure of the Amplitude Γ is determined according to the quantum numbers
of the state in question, the quark content and the physical decay channels.

• Example for the X(3872) (I(JPC) = 0(1++)):
• Meson-molecule: DD̄∗

• Hadro-charmonium: J/ψ ω
• Diquark-Antidiquark: ScAc

⇒ Γ = fDD̄∗ · τDD̄∗ + fJ/ψω · τJ/ψω + fScAc
· τScAc

• No assumptions of a dominant substructure needed!

• The internal two-body pole structures introduce decay thresholds into the
equation.
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Results Quark mass evolution

Example quark mass evolution for the 0(1++) state

0 1 2 3

mq [GeV]

0

5

10

15

20

M [GeV]
ns c b0(1++)

cqq̄c̄
cqq̄c̄ fit
D +D∗

J/ψ + ω

Sc + Ac

bqq̄b̄

bqq̄b̄ fit
B +B∗

Υ+ ω
Sb + Ab

JH, Eichmann, Fischer, PRD 109 (2024)

Thresholds: Hidden-charm Hidden-bottom

DD∗, J/ψω, ScAc BB∗, Υω, SbAb

• M cqq̄c̄
1++ = 3.89± 0.04 GeV → X(3872)

• M bqq̄b̄
1++ = 10.52± 0.06 GeV → (Wb1 ?)
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Results Mass spectrum

Hidden-flavour physical basis components

I(JPC) Physical components Exp.

hidden charm 0(0++) DD̄, J/ψω, ScSc χc0(3915)

(cqq̄c̄) 0(1++) DD̄∗, J/ψω, ScAc χc1(3872)

1(1+−) DD̄∗, J/ψπ ScAc Zc(3900)

0(1−−) DD̄1, χc0ω, J/ψσ ψ(4230)

0(0−+) DD̄0, χc0η, ηcf0(1370) −

hidden bottom 0(0++) BB̄, Υω, SbSb (Wb0?)

(bqq̄b̄) 0(1++) BB̄∗, Υω, SbAb (Wb1?)

1(1+−) BB̄∗, Υπ, SbAb Zb(10610)

0(1−−) BB̄1, χb0ω, Υσ Υ(10753)

0(0−+) BB̄0, χb0η, ηbf0(1370) −
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Results Mass spectrum

Hidden-charm mass spectrum
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Results Mass spectrum

Hidden-bottom mass spectrum
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Results Mass spectrum

Amplitude for the 0(1++) state
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JH, Eichmann, Fischer, PRD 109 (2024)

Physical basis:

Γ = fDD̄∗ · τDD̄∗ + fJ/ψω · τJ/ψω + fScAc · τScAc

Γ = ⊗ + ⊗ + ⊗
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Results Mass spectrum

Dominant subcluster
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JH, Eichmann, Fischer, PRD 109 (2024)

(f̃0 = f0(1370))



Results Mass spectrum

Colour structure of the four-quark BSE

Γ(k, q, p, P ) =
∑

i

fi(. . .)τi(k, q, p, P )⊗ ΓC ⊗ ΓF

Different combinations in ΓC that form an overall colour singlet:

meson-meson diquark-antidiquark

attractive 1⊗ 1 3̄⊗ 3
repulsive 8⊗ 8 6⊗ 6̄

• Repulsive colour components are important (for some channels)!
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Results Mass spectrum

Open-flavour physical basis components

I(JP ) Physical components Exp.

att+rep att rep

open charm 1(0+) DD, D∗D∗ AccA SccS −
(ccq̄q̄) 0(1+) DD∗, D∗D∗ AccS SccA T+

cc

1(1+) DD∗ AccA − −

open bottom 1(0+) BB, B∗B∗ AbbA SbbS −
(bbq̄q̄) 0(1+) BB∗, B∗B∗ AbbS SbbA (T+

bb?)

1(1+) BB∗ AbbA − −

open charm-bottom 1(0+) BD, B∗D∗ SbcS AbcA −
(bcq̄q̄) 0(1+) BD∗, DB∗ AbcS SbcA (Tbc?)
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Results Mass spectrum

Open-flavour physical basis components

I(JP ) Physical components Exp.

att+rep att rep

open charm 1(0+) DD,���D∗D∗ ���AccA SccS −
(ccq̄q̄) 0(1+) DD∗, D∗D∗ AccS SccA T+

cc

1(1+) DD∗ AccA − −

open bottom 1(0+) BB,���B∗B∗ ���AbbA SbbS −
(bbq̄q̄) 0(1+) BB∗, B∗B∗ AbbS SbbA (T+

bb?)

1(1+) BB∗ AbbA − −

open charm-bottom 1(0+) BD,���B∗D∗ SbcS ���AbcA −
(bcq̄q̄) 0(1+) BD∗, DB∗ AbcS SbcA (Tbc?)
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Results Mass spectrum

Open-charm spectrum
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Open-charm Mass spectrum
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ccn̄n̄ ground

1
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Results Mass spectrum

Open-charm ccn̄n̄ binding energy comparison
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Results Mass spectrum

Open-bottom spectrum
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Results Mass spectrum

Open-charm bbn̄n̄ binding energy comparison
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Results Mass spectrum

Open-bottom-charm spectrum
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Results Mass spectrum

Open-charm bcn̄n̄ binding energy comparison
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Results Mass spectrum

Open-flavour norm contributions
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Conclusion

Summary:

• DSE/BSE framework is a good tool to qualitatively analyse the charm and
bottom four-quark state region.

• New results for the the open-flavour four-quark states.

• Analysed the norm contributions as a means to investigate the internal
structure.

Outlook:

• Open-flavour states like
• 1

2
(1+) with bbq̄s̄

• Include the two-body quarkonium mixing.

• Investigate the large Nc behaviour.
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Backup slides

Quark mass evolution of the norm contributions

0 1 2 3 4
mq [GeV]

0.0

0.2

0.4

0.6

0.8

1.0
%

⟨f0|f0⟩
⟨f0|f1⟩
⟨f0|f2⟩
⟨f1|f1⟩
⟨f1|f2⟩
⟨f2|f2⟩

1
Joshua Hoffer (ITP - JLU Gießen) Properties of Four-Quark states 12. June 2024 1 / 16

JH, Eichmann, Fischer, PRD 109 (2024)



Backup slides

Example extrapolation and error determination
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Backup slides

Open-charm 1(0+)
(
Tcc0

)
binding energy comparison
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Backup slides

Open-charm 1(1+) ccn̄n̄ binding energy comparison
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Backup slides

Open-charm 1(0+)
(
Tbb0

)
binding energy comparison
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Junnarkar et. al. (2018)

Park et. al. (2018)

Eichten & Quigg (2017)

Binding energy bbn̄n̄ 1(0+) (Tbb0)
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Open-charm 1(1+) bbn̄n̄ binding energy comparison
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Open-charm 0(0+)
(
Tbc0

)
binding energy comparison
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Four-quark BSE
Radhakrishnan et. al. (2024)
Kucab & Praszalowicz (2024)

Alexandrou et. al. (2023)
Song & Jia (2023)

Meng et. al. (2021)
Braaten et. al. (2020)

Carames et. al. (2018)
Park et. al. (2018)

Karliner & Rosner (2017)
Sakai et. al. (2017)

Eichten & Quigg (2017)
Binding energy bcn̄n̄ 0(0+) (Tbc0)
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Quark mass generation
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Pion BSE

Pion Bethe-Salpeter amplitude is given by:

Γpion(p
2) = E(p2) · τ1(p, P ) + F (p2) · τ2(p, P ) +G(p2) · τ3(p, P ) +H(p2) · τ4(p, P )

10 3 10 1 101 103
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0.14 E(p2)
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Quark mass evolution 1+−

0 1 2 3

mq [GeV]

0

5

10

15

20

M [GeV]
ns c b1(1+−)

cqq̄c̄
cqq̄c̄ fit
D +D∗

J/ψ + π

Sc + Ac

bqq̄b̄

bqq̄b̄ fit
B +B∗

Υ+ π
Sb + Ab

Joshua Hoffer (ITP - JLU Gießen) Properties of Four-Quark states 12. June 2024 10 / 16

PR
EL

IM
IN
AR

Y



Backup slides

Quark mass evolution 0++
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Quark mass evolution 1−−

0 1 2 3

mq [GeV]

0

5

10

15

20

M [GeV]
ns c b0(1−−)

cqq̄c̄
cqq̄c̄ fit
D +D∗

1

χc0 + ω
J/Ψ+ σ

bqq̄b̄

bqq̄b̄ fit
B +B∗

1

χb0 + ω
Υ+ σ

Joshua Hoffer (ITP - JLU Gießen) Properties of Four-Quark states 12. June 2024 12 / 16

PR
EL

IM
IN
AR

Y



Backup slides

Quark mass evolution 0−+
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Eigenvalue curve

	0.5

	0.6

	0.7

	0.8

	0.9

	1

	1.1

	0 	0.2 	0.4 	0.6 	0.8 	1 	1.2

λ

Mtetra

f0(500)	without	poles
f0(500)	with	poles

Joshua Hoffer (ITP - JLU Gießen) Properties of Four-Quark states 12. June 2024 14 / 16



Backup slides

Light scalar mesons

The light scalar (0++) mesons is an example where the Quark Model yields wrong
predictions:

M [MeV]

I = 0 I = 1
2

I = 1

500

750

1000

κ

a0

σ

f0

I3

S

1 − 1
2

1
2

1

−1

1

a+0a−0 a0

κ+κ0

κ− κ̄0

σ
f0

f0(980) ss̄

κ(700) us̄, ds̄

a0(980)

σ(500)

}
uū, dd̄, ud̄

• Why are a0, f0 almost mass degenerate?

• Why are the decay widths so different?

Γ(σ, κ) ≈ 550MeV
Γ(a0, f0) ≈ 50− 100MeV

• Why are they so light?
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Light scalar mesons

Suppose they were tetraquarks: Jaffe 1977; Close, Tornqvist 2002; Maiani, Polosa, Riquer 2004

M [MeV]

I = 0 I = 1
2

I = 1

500

750

1000

κ

a0

σ

f0

ππ

Kπ

KK̄

I3

S

1 − 1
2

1
2

1

−1

1

a+0a−0 a0

κ+κ0

κ− κ̄0

σ
f0

f0(980)

a0(980)

}
usūs̄, . . .

κ(700) usūd̄, . . .

σ(500) udūd̄

• Explains mass ordering and decay widths:
a0, f0 couple to KK̄,
σ, κ large decay widths

• Non-qq̄ nature of σ is supported by dispersive
analyses, unitarized ChPT, large NC , extended
linear σ models, quark models
Pelaez, Phys.Rept. 658 (2016)
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2-body approach

• Assume dominant 2-body forces → simplify the 4-body BSE to get the 2-body
approach.
Santowsky, Fischer, Eur.Phys.J.C 82 (2022) 4, 313
Santowsky, Eichmann, Fischer, Wallbott, Williams, Phys.Rev.D 102 (2020) 5, 056014

= +

=

• It is a coupled system of meson-meson and diquark-antidiquark components
which interact via quark exchange.

• This approach is close in spirit to an effective field theory description.
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