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What we are going to do: Identify poles
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What we are going to do: Try to identify poles
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What we are going to do: Try very hard to identify poles
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Outline

I) Padé approximants and the Schlessinger Point Method (SPM)

I comparison of different methods:

single-point Padé, multi-point Padé, SPM

I analytic continuation to the complex plane

II) Application to experimental data

I setting up a suitable SPM algorithm

I benchmark on models for S-wave J/ψ → γπ0π0 data

I application to BESIII data

III) Summary and outlook
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Part I

Padé approximants

and

the Schlessinger Point Method (SPM)
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Single-point Padé

We want to describe a function f(x) in terms of a rational

function, i.e. the Padé approximant of order [m/n]:
Rmn (x) =

Pm(x)

1 +Qn(x)
=

m∑
i=0

ai x
i

1 +
n∑
j=1

bj xj

The coefficients ai and bj are obtained from derivatives of f(x) at a single point, e.g. at x = 0:

f(x) = Pm(x)− f(x)Qn(x)

f ′(x) = P ′m(x)− f ′(x)Qn(x)− f(x)Q′n(x)

f ′′(x) = P ′′m(x)− f ′′(x)Qn(x)− f(x)Q′′n(x)− 2f ′(x)Q′n(x)

. . .

[G. A. J. Baker, Essentials of Padé Approximants, Academic Press, Cambridge, Massachusetts, 1975]
[P. Dimopoulos et. al. (C. Schmidt), Phys. Rev. D 105, 034513 (2022)]
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Single-point Padé

Example:

Find the Padé approximant of order

[m/n] = [2/3] of f(x) = cos(x):

R2
3(x) =

a0 + a1 x+ a2 x
2

1 + b1 x+ b2 x2 + b3 x3

We need up to the m+ n = 5th derivative of

f(x) at x = 0 to fix all coefficients!

f(x) = cos(x)

input point
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Single-point Padé

Example:

Find the Padé approximant of order

[m/n] = [2/3] of f(x) = cos(x):

R2
3(x) =

a0 + a1 x+ a2 x
2

1 + b1 x+ b2 x2 + b3 x3

We need up to the m+ n = 5th derivative of

f(x) at x = 0 to fix all coefficients:

R2
3(x) ≈ 1− 0.4167x2

1 + 0.0833x2 + 0x3

f(x) = cos(x)

single-point Padé
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Multi-point Padé

We want to describe a function f(x) in terms of a rational

function, i.e. the Padé approximant of order [m/n]:
Rmn (x) =

Pm(x)

1 +Qn(x)
=

m∑
i=0

ai x
i

1 +
n∑
j=1

bj xj

The coefficients ai and bj are obtained from function values and derivatives of f(x) at multiple points:

Pm(x1)− f(x1)Qn(x1) = f(x1)

P ′m(x1)− f ′(x1)Qn(x1)− f(x1)Q′n(x1) = f ′(x1)

. . .

Pm(x2)− f(x2)Qn(x2) = f(x2)

P ′m(x2)− f ′(x2)Qn(x2)− f(x2)Q′n(x2) = f ′(x2)

. . .

Pm(xN )− f(xN )Qn(xN ) = f(xN )

P ′m(xN )− f ′(xN )Qn(xN )− f(xN )Q′n(xN ) = f ′(xN )

[G. A. J. Baker, Essentials of Padé Approximants, Academic Press, Cambridge, Massachusetts, 1975]
[P. Dimopoulos et. al. (C. Schmidt), Phys. Rev. D 105, 034513 (2022)] 11



Multi-point Padé

Example:

Find the Padé approximant of order

[m/n] = [2/3] of f(x) = cos(x):

R2
3(x) =

a0 + a1 x+ a2 x
2

1 + b1 x+ b2 x2 + b3 x3

We use function values and first derivatives

at three different points to determine all

coefficients.

f(x) = cos(x)

input points
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Multi-point Padé

Example:

Find the Padé approximant of order

[m/n] = [2/3] of f(x) = cos(x):

R2
3(x) =

a0 + a1 x+ a2 x
2

1 + b1 x+ b2 x2 + b3 x3

We use function values and first derivatives

at three different points:

R2
3(x) ≈ 1 + 0.143x− 0.497x2

1 + 0.140x+ 0.0194x2 + 0.0374x3

f(x) = cos(x)

single-point Padé

multi-point Padé

-4 -2 0 2 4

-2

-1

0

1

2

x

f(
x)

13



Schlessinger Point Method (SPM)

Given a finite set of N data points (xi, yi) we construct the rational interpolant p(x)/q(x) with polynomials
p(x) and q(x) that is given by the continued fraction

p(x)/q(x) = CN (x) =
y1

1 +
a1(x− x1)

1 +
a2(x− x2)

... aN−1(x− xN−1)

where the coefficients ai are given recursively by a1 = y1/y2−1
x2−x1

and

ai =
1

xi − xi+1

(
1 +

ai−1(xi+1 − xi−1)

1+

ai−2(xi+1 − xi−2)

1+
· · · a1(xi+1 − x1)

1− y1/yi+1

)
The polynomials (p(x), q(x)) are of order (N/2− 1, N/2) for an even number of input points and

of order ((N − 1)/2, (N − 1)/2) for an odd number of input points

[L. Schlessinger, Physical Review, Volume 167, Number 5 (1968)]
[R.W. Haymaker and L. Schlessinger, Mathematics in Science and Engineering, Volume 71, Chapter 11 (1970)]
[H.J. Vidberg and J.W. Serene, Journal of Low Temperature Physics, Vol. 29, Nos. 3/4 (1977)]
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Schlessinger Point Method (SPM)

Example:

Find the SPM interpolator of f(x) = cos(x)

using 6 input points:

C6(x) =
a0 + a1 x+ a2 x

2

1 + b1 x+ b2 x2 + b3 x3

f(x) = cos(x)

input points
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Schlessinger Point Method (SPM)

Example:

Find the SPM interpolator of f(x) = cos(x)

using 6 input points:

C6(x) ≈ 1− 0.0011x− 0.41x2

1 + 0.00027x+ 0.11x2 + 0.0032x3

f(x) = cos(x)

single-point Padé

multi-point Padé

SPM
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I Gives the same result as multi-point Padé when only using function values (no derivatives) and choosing
the corresponding order of polynomials (e.g. [2/3] for 6 input points)!
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Identifying branch cuts with the SPM

Example:

We construct the SPM interpolator of

f(x) =
√
x using 15 input points:

I branch cut shows up in the SPM
interpolator as a series of poles!

I the location of the branch point
is given by the first pole

f(x) = sqrt(x)

SPM
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Applications of the SPM

Complex poles from data and fits

[R.-A. T., I. Haritan, J. Wambach, N. Moiseyev
Phys. Lett. B 774, 411-416 (2017)]

Comparison of reconstructions

[R.-A. T., P. Gubler, M. Ulybyshev, L. v. Smekal,
Comput. Phys. Commun. 237, 129-142 (2019)]

Analytic structure from DSE/lattice

[D. Binosi, R.-A. T.,
Phys. Lett. B 801, 135171 (2020)]
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Simple example: f(x) = x

For N = 2 input points:

I since N is even, the resulting rational
interpolant will be of order
(N/2− 1, N/2)

I for N = 2 we expect

CN (x) =
p(x)

q(x)
=

p0
q0 + q1 x

f(x) = x

Input
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x)
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Simple example: f(x) = x

For N = 2 input points:

I since N is even, the resulting rational
interpolant will be of order
(N/2− 1, N/2)

I for N = 2 we expect

CN (x) =
p(x)

q(x)
=

p0
q0 + q1 x

I the resulting SPM interpolator is given
by

CN (x) =
1.2

1− 0.2x

f(x) = x

Input

SPM
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Simple example: f(x) = x

For N = 3 input points:

I since N is odd, the resulting rational
interpolant will be of order (N/2, N/2)

I for N = 3 we expect

CN (x) =
p(x)

q(x)
=
p0 + p1 x

q0 + q1 x

f(x) = x

Input

-10 -5 0 5 10
-10
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0

5

10

x

f(
x)
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Simple example: f(x) = x

For N = 3 input points:

I since N is odd, the resulting rational
interpolant will be of order (N/2, N/2)

I for N = 3 we expect

CN (x) =
p(x)

q(x)
=
p0 + p1 x

q0 + q1 x

I for exact data, the linear function is
recovered, i.e. ∼ x/1

I if we add noise of the order of
O(10−15) we get, e.g.,

CN (x) =
1.81 · 10−14 + x

1− 1.78 · 10−15 x
≈ x

f(x) = x

Input

SPM
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-10
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0
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10
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x)

22



Simple example: f(x) = x

For N = 4 input points:

I since N is even, the resulting rational
interpolant will be of order
(N/2− 1, N/2)

I for N = 4 we expect

CN (x) =
p(x)

q(x)
=

p0 + p1 x

q0 + q1 x+ q2 x2

f(x) = x

Input

-10 -5 0 5 10
-10
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0
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10

x

f(
x)
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Simple example: f(x) = x

For N = 4 input points:

I since N is even, the resulting rational
interpolant will be of order
(N/2− 1, N/2)

I for N = 4 we expect

CN (x) =
p(x)

q(x)
=

p0 + p1 x

q0 + q1 x+ q2 x2

I however, for exact data, the linear
function is recovered, i.e. ∼ x/1

I if we add noise of the order of
O(10−15) we get, e.g.,

CN (x) =
−3.2 · 10−14 + x

1 + 1.2 · 10−14 x− 1.3 · 10−15 x2

f(x) = x

Input

SPM
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Breit-Wigner function

We use a Breit-Wigner function of the form

f(x) =
A

(x2 −M2)2 + γ2M2

with parameters A = 100, M = 4, γ = 2

For N = 14 input points we expect

CN (x) =
p(x)

q(x)
∼ O(x6)

O(x7)

f(x)

Input

0 2 4 6 8
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x)

25



Breit-Wigner function

We use a Breit-Wigner function of the form

f(x) =
A

(x2 −M2)2 + γ2M2

with parameters A = 100, M = 4, γ = 2

For N = 14 input points we expect

CN (x) =
p(x)

q(x)
∼ O(x6)

O(x7)

with noise of the order of O(10−15) we get,
e.g.,

f(x)

Input

SPM
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x
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CN (x) ≈ 0.313− 0.2x+ 0.04x2 − 0.003x3 − 10−14 x4 + 10−16 x5 + 10−17 x6

1− 0.7x+ 0.04x2 + 0.06x3 − 0.01x4 − 0.001x5 + 0.0004x6 − 0.00002x7

→ artificial poles (e.g. at x ≈ 2.3) in denominator cancel with zeros in numerator!
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Breit-Wigner function

SPM as an extrapolation:

I evaluate CN (x) outside the input
range

I describes Breit-Wigner function well
for precise data!

f(x)

Input

SPM
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Breit-Wigner function

Analytic continuation:

I evaluate SPM interpolation function CN (x) for complex arguments: x→ x+ iy

I describes Breit-Wigner function well for precise data!

exact SPM
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Breit-Wigner function with noise

We now add noise of O(10−1) to the same
Breit-Wigner function of the form

f(x) =
A

(x2 −M2)2 + γ2M2

with parameters A = 100, M = 4, γ = 2

For N = 14 input points we expect

CN (x) =
p(x)

q(x)
∼ O(x6)

O(x7)

f(x)

Input
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Breit-Wigner function with noise

We now add noise of O(10−1) to the same
Breit-Wigner function of the form

f(x) =
A

(x2 −M2)2 + γ2M2

with parameters A = 100, M = 4, γ = 2

For N = 14 input points we expect

CN (x) =
p(x)

q(x)
∼ O(x6)

O(x7)

and get, e.g.,

f(x)

Input

SPM

0 2 4 6 8
0.0

0.5

1.0

1.5

2.0

x

f(
x)

CN (x) ≈ 0.345− 0.6x+ 0.3x2 − 0.1x3 + 0.01x4 − 0.001x5 + 0.00003x6

1− 1.9x+ 1.3x2 − 0.5x3 + 0.1x4 − 0.02x5 + 0.001x6 − 0.00005x7

→ artificial poles in denominator no longer cancel perfectly, but they appear randomly!
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Breit-Wigner function with noise

Analytic continuation to the complex plane:

I main “particle” poles are slightly shifted by the noise but still clearly visible

I artificial poles can be identified due to their random location

exact SPM
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Part II

Application to experimental data
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S-wave J/ψ → γπ0π0 data from BESIII

I results show three peaks above 1 GeV, likely
associated with f0(1500), f0(1710) and f0(2020)

I together with the f0(1370) they are the main
candidates for the lightest glueball

I process contributing to J/ψ → γπ0π0:

intensities for the 0++ amplitudes as a function of M(π0π0)

[M. Ablikim et al. (BESIII Collaboration), Phys. Rev. D 92, 052003 (2016)]
[JPAC Collaboration: A. Rodas, A. Pilloni, M. Albaladejo, C. Fernandez-Ramirez, V. Mathieu, A. P. Szczepaniak, Eur.Phys.J.C 82, 80 (2022)]
[D. Binosi, A. Pilloni, R.-A. T., Phys. Lett. B 839, 137809 (2023)]
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Models

S- and D-wave intensities and relative phase of
J/ψ → γπ0π0 and → γK0

SK
0
S were parametrized by

JPAC based on the coupled-channel N/D formalism
(using unitarity and dispersion relations):

IJi (s) = Npi
∣∣∣aJi (s)

∣∣∣2
aJi (s) = Eγ p

J
i

∑
k

nJk (s)
[
DJ(s)

−1
]
ki

pi =
√
s− 4m2

i /2 Eγ = (m2
J/ψ − s)/(2

√
s)

with i = ππ or KK̄ and the invariant mass squared s.

The resulting 5 models (A-E) contain either 3 or 4

poles and sometimes an additional branch point at

E = 1.52 GeV from the stable ρρ channel.

[JPAC Collaboration: A. Rodas, A. Pilloni, M. Albaladejo, C. Fernandez-Ramirez, V. Mathieu, A. P. Szczepaniak, Eur.Phys.J.C 82 (2022) 1, 80]
[D. Binosi, A. Pilloni, R.-A. T., Phys. Lett. B 839, 137809 (2023)]
[J.R. Pelaez, Physics Reports 658 (2016) 1] 34



Statistical SPM

[D. Binosi, A. Pilloni, R.-A. T., Phys. Lett. B 839, 137809 (2023)] 35



100,000 runs: separating signal from noise

I step 1: increase transparency

I step 2: use morphological pattern recognition
(e.g. with Mathematica: MorphologicalBinarize and MorphologicalComponent)

I step 3: ignore ‘horizontal’ noise clusters close to real axis

I final signal pole clusters contain e.g. 50,000 poles which can be used to compute the standard deviation

I on average, the number of signal poles is ∼ 20% of all poles

[D. Binosi, A. Pilloni, R.-A. T., Phys. Lett. B 839, 137809 (2023)] 36



Validation of the method - Model A - exact data

I stars denote exact pole locations (red: model artifact)

I all poles are correctly identified for exact data (i.e. data without uncertainties)!

I noise poles are almost exactly canceled by corresponding zeros in numerator

[D. Binosi, A. Pilloni, R.-A. T., Phys. Lett. B 839, 137809 (2023)] 37



Validation of the method - Model A

I stars denote exact pole locations

I different colors correspond to
different numbers of input points
for the SPM (M = 20, . . . , 60)

I 3 rows correspond to different
amount of full experimental
errors: 10%, 33%, 100%

I ellipses indicate 1σ (i.e. 68%)
confidence regions

[D. Binosi, A. Pilloni, R.-A. T., Phys. Lett. B 839, 137809 (2023)]
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Validation of the method - Model A
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I all physical poles are correctly identified!

[D. Binosi, A. Pilloni, R.-A. T., Phys. Lett. B 839, 137809 (2023)] 39



Validation of the method - Model B
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I model B turns out to be the most difficult for the SPM

I third pole is not identified correctly for large errors (too deep in the comlex plane)

[D. Binosi, A. Pilloni, R.-A. T., Phys. Lett. B 839, 137809 (2023)] 40



Validation of the method - Model C
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I branch cut does not affect the pole reconstruction

I all poles are identified correctly
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Validation of the method - Model D
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I third and fourth pole seem to be reconstructed as a single “average” pole

I as the error increases the signal of the fourth pole faints and the correct position of the pole is recovered
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Validation of the method - Model E
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I branch cut does not affect the pole reconstruction

I poles are correctly identified for even values of M (i.e., the ones with a vanishing asymptotic)
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S-wave J/ψ → γπ0π0 data from BESIII

I results show three peaks above 1 GeV, likely
associated with f0(1500), f0(1710) and f0(2020)

I together with the f0(1370) they are the main
candidates for the lightest glueball

I process contributing to J/ψ → γπ0π0:

intensities for the 0++ amplitudes as a function of M(π0π0)

[M. Ablikim et al. (BESIII Collaboration), Phys. Rev. D 92, 052003 (2016)]
[JPAC Collaboration: A. Rodas, A. Pilloni, M. Albaladejo, C. Fernandez-Ramirez, V. Mathieu, A. P. Szczepaniak, Eur.Phys.J.C 82, 80 (2022)]
[D. Binosi, A. Pilloni, R.-A. T., Phys. Lett. B 839, 137809 (2023)]
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Application to BESIII data: results

[D. Binosi, A. Pilloni, R.-A. T., Phys. Lett. B 839, 137809 (2023)]
[JPAC Collaboration: A. Rodas, A. Pilloni, M. Albaladejo, C. Fernandez-Ramirez, V. Mathieu, A. P. Szczepaniak, Eur.Phys.J.C 82, 80 (2022)]
[Bonn-Gatchina: A. V. Sarantsev, I. Denisenko, U. Thoma, E. Klempt, Phys. Lett. B816, 136227 (2021)]
[S. Ropertz, C. Hanhart, B. Kubis, Eur. Phys. J. C78, 1000 (2018)]
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Application to BESIII data

Pole positions obtained from different data analyses (in MeV):

I extracted poles (likely associated with f0(1500), f0(1710) and f0(2020)) in good agreement with
literature

I other determinations include information from other channels, SPM only uses J/ψ → γπ0π0 data!

[D. Binosi, A. Pilloni, R.-A. T., Phys. Lett. B 839, 137809 (2023)]
[JPAC Collaboration: A. Rodas, A. Pilloni, M. Albaladejo, C. Fernandez-Ramirez, V. Mathieu, A. P. Szczepaniak, Eur.Phys.J.C 82, 80 (2022)]
[Bonn-Gatchina: A. V. Sarantsev, I. Denisenko, U. Thoma, E. Klempt, Phys. Lett. B816, 136227 (2021)]
[S. Ropertz, C. Hanhart, B. Kubis, Eur. Phys. J. C78, 1000 (2018)]
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Summary and Outlook

We presented a data-driven method for the determination of complex poles associated to resonances
from experimental data:

I based on the Schlessinger Point Method (SPM) which interpolates a given data set by a
continued-fraction expression

I analytic continuation to the complex plane allows to study pole structure

I SPM represents a (’model-independent’) analysis technique for the determination of complex poles

Outlook:

I extension to coupled-channel datasets (S- and D-wave for J/ψ → γπ0π0 and J/ψ → γK0
SK

0
S)
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